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The problem of ordering of two-qubit states imposed by relative entropy of entanglement (E) 
in comparison to concurrence (C) and negativity (N) is studied. Analytical examples of states 
consistently and inconsistently ordered by the entanglement measures are given. In particular, 
the states for which any of the three measures imposes order opposite to that given by the other 
two measures are described. Moreover, examples are given of pairs of the states, for which (i) 
N'=N" and C'=C" but E' is different from E", (ii) N'=N" and E'=E" but C differs from C", 
(iii) E'=E", N'<N" and OC", or (iv) states having the same E, C, and N but still violating the 
Bell-Clauser-Horne-Shimony-Holt inequality to different degrees. 
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1. INTRODUCTION 

Quantum entanglement is a key resource for quantum 
information processing but still its mathematical descrip- 
tion is far from completeness and its properties are 
more and more intriguing. In particular, Eisert and Ple- 
nio 0] five years ago observed by Monte Carlo simulation 
of pairs of two-qubit states a' and a" that entanglement 
measures (say and i^*^^') do not necessarily imply 
the same ordering of states. This means that the intu- 
itive requirement 

E^^\a') < E^^\a") ^ E^^\a') < E^^\a") (1) 

can be violated. The problem was then analyzed by oth- 
ers II lip, II SS, Sim,'!!]. In particular, Virmani and 
Plenio U proved that all good asymptotic entanglement 
measures are either identical or fail to impose consistent 
orderings on the set of all quantum states. Here, an en- 
tanglement measure is referred to as ' goo d' if it satisfies 
(at least most of) the standard criteria [lUi^illJI includ- 
ing that for pure states it should reduce to the canonical 
form given by the von Neumann entropy of the reduced 
density matrix. 

We will study analytically the problem of ordering of 
two-qubit states imposed by the following three standard 
entanglement measures. 

The first measure to be analyzed here is the relative 
entropy of entanglement (REE) of a given state g, which 
is defined by Vedral et al \12L\13^ (for a review see U^) as 
the minimum of the quantum relative entropy S'(cr||p) = 
Tr (cr Ig (T — (T Ig p) taken over the set V of all separable 
states p, namely 

Eia)=mmpevS{a\\p)^Sia\\p), (2) 

where p denotes a separable state closest to a. We as- 
sume, for consistency with the other entanglement mea- 
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sures that Ig stands fo r log r, although in the original Ve- 
dral et al papers [!^ Il3| the natural logarithms were 
chosen. It is usually difficult to calculate analytically the 
REE with exception of states with high symmetry, in- 
cluding those discussed in sections 3 and 4. Thus, in gen- 
eral, the REE is calculated numerically using the meth- 
ods described in, e.g., HI E |!3- The REE satisfies 
both continuity and convexity [monotonicity under dis- 
carding information, Ei^^piffi) < J^iPi^i'^'.)] _18J, but 
it does not fulfill additivity [i?((Ti (Kicr2) = E{(7i) + E{(72)] 

The second measure of entanglement for a given two- 
qubit state a is the Wootters concurrence C{a) defined 
as 

C{a) = max{0, Ai - A2 - A3 - A4}, (3) 

where the A^'s are the square roots of the eigenvalues 
of a{a^^'> (g) a^y'>)a*{a'^y'> (g) cr^^)) put in nonincreasing or- 
der, (t(s') is the Pauli spin matrix, and asterisk stands for 
complex conjugation. The concurrence C{a) is monoton- 
ically related to the entanglement of formation inform (c) 
|2!| as given by the Wootters formula [20] 

EiorM = h(^^[l + ^l-C^<j)]^ (4) 

in terms of the binary entropy h{x) = — xlga; — (1 — 
x)lg(l — x). The concurrence and entanglement of for- 
mation satisfy convexity But, to our knowledge, 
the question about additivity of the entanglement of for- 
mation is still open |2^ . 

The third useful measure of entanglement is the nega- 
tivity - a measure related to the Peres-Horodecki crite- 
rion l^l as defined by 

iV(a) = 2^max(0,-Mj), (5) 
j 

where pj 's are the eigenvalues of the partial transpose 
of the density matrix a of the system. Note that for any 
two-qubit states, has at most one negative eigenvalue. 
As shown by Audenaert et al [25[ and as subsidiarily by 
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Ishizaka [2g, the negativity of any two-qubit state a is 
a measure closely related to the PPT entanglement cost 
as follows: 

^PPT(a) = \g[N{a) + 1], (6) 

which is the cost of the exact preparation of a under 
quantum operations preserving the positivity of the par- 
tial transpose (PPT). i?ppT(cr), similarly to i?form(o') and 
E{(j), gives an upper bound of the entanglement of dis- 
tillation |23|. As shown by Vidal and Werner [23|, the 
negativity is a convex function, however i?ppT(CT) is not 
convex as a combination of the convex N{<t) and the con- 
cave logarithmic function. Nevertheless, -Eppxlc) satis- 
fies additivity. For a pure state IV'p): it holds CdV'p)) = 
iVdV'p)) but -Eppt(IV'p)) > ^^formd^Ap)), where equality 
holds for separable and maximally entangled states. For 
these reasons, we will apply the concurrence and nega- 
tivity instead of -Eform and E^ppt. 



2. NUMERICAL COMPARISON OF STATE 
ORDERINGS 

In previous works much attention was devoted to the 
ordering problem for the concurrence versus the nega- 
tivity HjSSE^OI- Here, we will study analytically 
the ordering of two qubit-states imposed by the REE in 
comparison to the other two measures. But first let us 
show the violation of condition ^ by numerical simula- 
tion. We have generated 'randomly' 10^ two-qubit states 
according to the method described by Zyczkowski et al 
and apphed, e.g., by Eisert and Plenio The re- 
sults are shown in figure 1, where for each generated state 
a we have plotted E{<t) versus C(cr), £'(cr) versus N{(j), 
and N{a) versus C{a). It is worth noting that apparent 
saw-like irregularity of distribution of states (along the x- 
axes) is an artifact resulting from the modification of the 
original Zyczkowski et al method. Namely, we have per- 
formed simulations sequentially in 10 rounds and during 
the fcth round we plotted the three entanglement mea- 
sures only for those a for which C{a) was greater than 
(fc — 1)/10. The speed-up of this biased simulation is a 
result of fast procedures for calculating the negativity or 
concurrence and very inefficient ones for calculating the 
REE [Hill m Hg. Our sequential method could be 
applied since the main goal for generating states was to 
check efficiently the boundaries of the depicted regions 
but not the distribution of states. 

The bounded regions containing all the generated 
states, as shown in figure 1 and for clarity redrawn in 
figure 2, reveal the ordering problem as a result of 'the 
lack of precision with which one entanglement measure 
characterizes the other' j7|. By simply generalizing the 
interpretation given by us in to include any two 
(i?(^) and E'^^^) of the studied entanglement measures, 
one can conclude that for any partially entangled state 
a' there are infinitely many partially entangled states a 
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FIG. 1: Numerical simulations of about 10^ quantum states 
a: (a) REE E{a) versus concurrence C{a), (b) E{a) versus 
negativity N{a), and (c) N{a) versus C{a). Curves corre- 
spond to the Horodecki (H), pure (P), Bell diagonal (B) and 
ax (X) states. 
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FIG. 2: REE versus (a) concurrence and (b) negativity for 
the boundary states in figure 1(c). 



for which the Eisert-Plenio condition, given by JQ) , is vi- 
olated. To demonstrate this result explicitly for a given 
state a', it is useful to plot [E'^'^Ha) - E'-^\a')] versus 
(ct) - £'(i)((t')] as shown in figure 3. Then the state 
a corresponding to any point in the regions II and IV is 
inconsistently ordered with a' with respect to the mea- 
sures E^^'' and £''^'. On the contrary, the states a, cor- 
responding to any point in the regions I and III, and a' 
are consistently ordered by i?'-"^' and i?'^^ . 

Probability Pont that a randomly generated two-qubit 
mixed state is entangled can be estimated as Pent ~ 
0.368 ± 0.002 30] or Pe„t « 0.365 ± 0.001 0. How- 
ever, probability Pvioi that a randomly generated pair 
of two-qubit states violates condition (Q) for concurrence 
and negativity is much less than Pont and estimated as 
Pvioi ~ 0.047 ± 0.001 0|- Since the numerical analysis of 
Eisert and Plenio and by the power of the Virmani- 
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FIG. 3: How to find states either satisfying or violating con- 
dition (1): All states ct for a given state a' for which the 
chosen measures E''^'' and E^'^'' impose the same (opposite) 
order correspond to points in regions I and III (II and IV). 

Plenio theorem 0| we know about the existence of states 
violating condition J^l- But it is not a trivial task to find 
analytical examples of such states, especially in the case 
of the orderings imposed by the REE in comparison to 
other entanglement measures. We believe that it is not 
only a mathematical problem of classification of states 
with respect to various entanglement measures but it can 
shed more light on subtle physical aspects of the entan- 
glement measures including their operational interpreta- 
tion. By a comparison given in the next sections, we will 
find states exhibiting very surprising properties. In par- 
ticular, we will show that states a' and u" can have the 
same negativity, N{(j') = N{a"), the same concurrence, 
C(cr') = C(cr"), but still different REEs, E{a') ^ E{(j"). 
A deeper analysis of such states can be useful in studies 
of properties of a given entanglement measure (in this ex- 
ample, the REE) under operations preserving other en- 
tanglement measures (here, the entanglement of forma- 
tion and the PPT-entanglement cost). Thus, we believe 
that it is meaningful to study analytically violation of 
condition ^ as will be presented in greater detail in the 
next sections. 



3. BOUNDARY STATES 

The extreme violation of occurs if one of the states 
corresponds to a point at the upper bound and the other 
at the lower bound. Thus, for a comparison of differ- 
ent orderings, it is essential to describe the states at the 
boundaries. 

The upper bounds in figure 1 marked by P correspond 
to two-qubit pure states 

l^p) = a|00) + 6|01> + c|10> + d|ll>, (7) 

where a, 6, c, d are the normalized complex amplitudes. 
The concurrence and negativity are equal to each other 



and given by 

C{\^p))^N{\^p))^2\ad~bc\. (8) 

As shown by Verstraete et al 5j, the negativity of any 
state a can never exceed its concurrence [see figure 1(c)], 
and this bound is reached for the set of states for which 
the eigenvector of the partial transpose of cr, correspond- 
ing to the negative eigenvalue, is a Bell state. Evidently, 
pure states belong to the Verstraete et al set of states. 
For a pure state the REE is equal to the entanglement 
of formation, thus is simply given by Wootters' relation 
Q since E{\il;p)) — inform (IfAp))- In general, it holds 
E{orm{cr) > E{a) 0, and the REE for pure states gives 
the upper bound of the REE versus concurrence |^ . We 
have also conjectured in [sij . on the basis of numeri- 
cal simulations similar to those presented in figure 1(b), 
that the upper bound of the REE versus negativity N is 
reached by pure states for N > = 0.3770 • • • . 

Surprisingly, the REE versus N for pure states, can 
be exceeded by other states if < A'o as was shown in 
|3ll | by the so-called Horodecki states, which are mixtures 
of the maximally entangled state, say the singlet state 
Itp^) = (|01) — 110))/_\/2, and a separable state orthogonal 
to it, say |00), i.e. Q: 

aff = C|V^_)(7^_| + (1-C)|00)(00| (9) 

for which the concurrence and negativity are given, re- 
spectively, by 

C{aH) = C, (10a) 
N{aH) = Vi^-Cy+C^-i^-C). (10b) 

Verstraete et al j^] proved that a function of the form 
(jlObp determines the lower bound of the negativity ver- 
sus concurrence for any state a [see curve H figure 1(c)]. 
On the other hand, the REE versus concurrence for the 
Horodecki states is given by 

E{aH) = {C-2) lg(l - C/2) + {1-C) lg(l - C). (11) 

By replacing C by y^2N{l + N) ~ N in ((TTl), one gets an 
explicit dependence of E{aH) on the negativity N{aH) 
|31|. It was conjectured that the REE for the Horodecki 
states describes the lower bound of the REE versus con- 
currence shown by curve H in figures 1(a) and 
2(a), and also conjectured lU that it gives the upper 
bound of the REE versus negativity if iV < iVo as seen in 
figures 1(b) and 2(b) ^sT]. The ordering violation for any 
two of the three entanglement measures can be shown for 
a pair of the Horodecki and pure states, say a' and cr, if 
one of the states is partially entangled (0 < i?'^^^(cr') < 1) 
and a is properly chosen according to the rule shown in 
figure 3 with an exception for the following case: If one 
of the states in the pair of the Horodecki and pure states 
has the negativity equal to Nq then the ordering imposed 
by the REE and negativity for these states is always con- 
sistent as required by condition JQ). 



4 




11 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

parameter A 



FIG. 4: A contour plot of REE i5(ay) as a function of 
C(o-y) = N{aY) = C and parameter A according to 12111 . 



The lower bound in figure 1(b) and the upper bound 
figure 1 (c) correspond to the Bell diagonal state (labeled 
by B), given by 



as =^A,|A>(A 



(12) 



i=l 



with the largest eigenvalue maxj Xj = (l + C)/2> 1/2, 
where J2j = 1 ^iid are the Bell states. The nega- 
tivity and concurrence are the same and given by 

C{aB)^N{aB)^C, (13) 

thus CTs, similarly to pure states, belongs to the Ver- 
straete et al set of states maximizing the negativity for a 
given concurrence. For the Bell diagonal states, the REE 
versus the concurrence (and the negativity) reads as 



E{aB) = l~h{il + C)/2) 



(14) 



= i[(l + C)lg(l + C) + (l-C)lg(l-C)]. 

If maxj \j < 1/2 then the state is separable, thus 
C(crs) = N{<7b) = E{aB) = 0. As an example of ((T^ . 
one can analyze the Werner state [s^ 



<^w = — 5 — 



1-C 
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(15) 



where < C < 1; ^ is the identity operator of a sin- 
gle qubit. Our choice of parametrization of (Q) leads to 
straightforward expressions for the negativity and con- 
currence given by H13|) . The results of our simulation of 
10^ random states presented in figure 1(b) confirm our 
conjecture in [sj that the lower bound of the REE ver- 
sus negativity is determined by the Bell diagonal states. 
Nevertheless, to our knowledge, this conjecture and the 
other proposed by Verstraete et al Q on the lower bound 
of the REE versus concurrence have not been proved yet 
[2^. By contrast, it is easy to prove, by applying lo- 
cal random rotations to both qubits |2j|, that the lower 
bound of the REE versus fidelity is reached by the Bell 
diagonal states (l3| • It is worth noting that the REE ver- 
sus concurrence for (Tb is not extreme as shown by curve 
B in figure 2(a). 



Let us analyze another state corresponding to the up- 
per bound for N versus C, but neither reaching the 
bounds for E versus C nor E versus N. The state is 
defined as a MES, say the singlet state, mixed with |01) 
as follows: 

ax^C\yj-){yj-\ + il-C)\01){01\ (16) 
for which one gets 



Ciax) = N{ax) = C. 



(17) 



The eigenvalues of the partially transposed ax are {1 — 
C/2, — C/2, C/2, C/2} and they correspond to the eigen- 
vectors given by {|01), |</>+), |</>_), |10)}, where \(j)±) = 
(|00) ± |ll))/v^. Thus, the Verstraete condition for 
states with equal concurrence and negativity is fulfilled 
for the state ax, as the negative eigenvalue —C/2 cor- 
responds to the Bell state. The separable state px 
closest to ax was found by Vedral and Plenio as 
px ^ (1-C/2)|01)(01| + C/2|10)(10|, which enables cal- 
culation of the following REE: 



E{ax) = h{C/2)-hir/2), 



(18) 



where r = 1 + ^(1 - C)^ + C^. Although lO describes 
the upper bound for N versus C, (|18|l differs from the 
extreme expressions for E versus C and E versus N given 
for the pure, Horodecki and Bell diagonal states. Figures 
2(a) and 2(b) show clearly the differences. 

We will also analyze the states dependent on two pa- 
rameters defined as 



ay = A|01)(01| + (l- A)|10)(10| 
+ g(|Ol)(lO| + |10)(01|) 



(19) 



assuming that C < 2y/ A{1 — A) to ensure ay to be 
positive semidefinite. States of the form, given by 
(|19|l . can be obtained by mixing a pure state \ipp) 
with the separable state pp closest to |V'p) [IJ. This 
mixing leaves the closest separable state unchanged 
as implied by the Vedral-Plenio theorem The 
eigenvalues of the partial transpose of ay are {1 — 
A, A, —0/2, C/2}, which correspond to the following 
eigenvectors {|10), |01), |(/)_), |(/)+)}, respectively. Thus, 
the negative eigenvalue —C/2 corresponds to the Bell 
state I (/)_), which implies that ay belongs to the Ver- 
straete et al set of states with equal negativity and con- 
currence, 

C{ay) = N{ay) = C. (20) 
The REE for state lO reads as 

E{ay) = h{A) - (i[l + V(l - + C']) (21) 

which was obtained with the help of the closest separable 
state pp = A|01)(01|-|-(l- A)|10)(10| given in [13. The 
contour plot of E{ay) is shown in figure 4. The states 
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(|19|l . independent of parameter A, are the upper bound 
states for N versus C. By changing A, the states l(T^ 
transform from the pure states into Bell diagonal states, 
thus they can become the upper bound states both for 
E versus C and E versus > A^'o, as well as the lower 
bound states for E versus N. In general, a state corre- 
sponding to any point between curves P and B in figures 
2(a) and 2(b) can be given by ((T^ . 



4. ANALYTICAL COMPARISON OF STATE 
ORDERINGS 

By analyzing pairs of states discussed in the previ- 
ous section and by applying the rule shown in figure 3 
we can easily find analytical explicit examples of states 
violating condition by any two measures out of the 
triple, when the third measure is not analyzed. How- 
ever, the number of classes of state pairs increases to 
14, as shown in table 1, on including all possible differ- 
ent predictions of the state orderings imposed by all the 
three measures simultaneously. The number of classes is 
given mathematically by permutation with replacement 
(where the order counts and repetitions are allowed) 
and equal to 3^. But we should not count twice the 
classes defined by opposite inequalities [e.g., class 2 can 
be equivalently given by C(cr') > C(ct"), N{a') < N{a"), 
E{a') > E{a")] since the definition of states a' and u" 
can be interchanged. Thus, the number of classes de- 
creases to (3^ — l)/2 -I- 1 — 14. One can identify all these 
classes by analyzing pairs of points in the crescent-like 
solid region in CNE space shown in figure 5 with the 
familiar projections into the planes CE [see also figure 
1(a)], NE [figure 1(b)], and CN [figure 1(c)]. Unfortu- 
nately, a graphical illustration of various cross sections of 
the solid crescent in figure 5 would not be clear enough. 
Thus, in figure 6, we give a symbolic representation of 
the 14 classes of table 1 by depicting only small cubes 
around point [C{a'), N{a'), E{a')] for a given state a'. 
In a sense, the cubes are cut inside the solid crescent 
shown in figure 5. 

In the following, we will give explicit examples of the 
pairs of states satisfying the inequalities listed in table 1. 
For compact notation we denote 

A ^ [C{a") - C{<j'),N{a") ~ N{a'),E{a") - E{<j')]. 

States consistently ordered by all the three measures 
as required by the Eisert-Plenio condition ^ belong 
to class 1. The vast majority of the randomly gen- 
erated pairs of two-qubit states belong to this class. 
The simplest analytical example is a pair of pure states 
IV;,) = a,|00) +6»|01) +c,|10) +d,|ll) (i=l,2), for which 
\aidi — &ici| ^ \a2d2 — &2C2|- Similarly, by compar- 
ing other pairs of states, to mention (CT_f/(C"), CT_f/(C")), 
{aB{C'),aB{C")) or {ax{C'),ax{C")) for C ^ C", one 
arrives at the same conclusion. A pair of states from class 
2 can be given, e.g., by the Bell diagonal and Horodecki 



TABLE I: All possible difFerent predictions of the state or- 
derings imposed by the REE, concurrence and negativity. As 
explained in the text, the remaining 13 classes of state pairs 
can be obtained by the listed classes just by interchanging def- 
initions of a' and o" . Asterisk denotes the classes for which 
we were not able to find examples. 



Class Concurrences Negativities REEs 
1 
2 
3 
4 
5 

6 
7 
8 
9 
10 
11* 
12* 
13* 
14 



states for slightly different concurrences (or negativi- 
ties). E.g., if aslc = 0.5) and <7h{C = 0.6) then A = 
[0.1, —0.179, 0.003], or for the same gb but (Jh having its 
negativity equal to 0.4 then A = [0.158,-0.1,0.055] as 
required. As an example of the state pair from class 3, 
we choose the Horodecki and pure states such that their 
negativities are close to A'q. E.g., let crjj have the neg- 
ativity iVo — 0.1 and \ipp) have its coefficients satisfying 
2|ad- 6c| ^ No then A = [-0.187,0.1,0.064]. By choos- 
ing pure state with concurrence C — 0.625 • • • and the 
Horodecki state for C" = 0.846 • • • = Co, we observe that 
their REEs are the same. Then, an example of the state 
pair from class 4 can be given by the above pure state 
and the Horodecki state with its concurrence slightly less 
than Co, say C((Tjy) = Co — 0.02, which implies that 
A = [0.200, 0.044, -0.037] as required. The classes 1-4 
are defined solely by sharp inequalities, and thus they are 
crucial in our comparison of different state orderings. 

Now, we will present more subtle comparison to in- 
clude the classes, when some of the entanglement mea- 
sures are equal to each other for different states. Class 
5 is interesting enough to be analyzed separately in the 
next section. An example of the state pair from class 6 
can be given by the Bell diagonal and Horodecki states 
with the same negativities, say equal to 1/2, which im- 
plies that A = [0.225,0,0.127]. Also a member of 
class 7 can be given by the above states but for the 
same concurrences, say C — 0.5, which implies that 
— A = [0,0.293,0.066]. Simple examples of the state pairs 
from classes 6 and 7 can also be found by considering the 
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FIG. 5: States a characterized by [C{a), N{a), E{a)] lie in the 
sohd crescent-hke region with its projections into the planes 
shown in figure 1. All classes of state pairs from table 1 can 
be found by analyzing pairs of points at various cross sections 
of the region. 

following state: 

az(C,7V) = i[(l-a)(|01)(01| + |10)(10|) 

+C(|01>(10| + |10)(01|) + 2a|00)(00|] (22) 

for iV > and C G {N,y/2N{N +1) ~ N), where 
a — {C^ — N^)/{2N). The range-hmited C ensures semi- 
definiteness of az- State (|22|l can be generated by mixing 
the Horodecki state an with the separable state jjH clos- 
est to an given by Vedral and Plenio (for details see 
[U). We note that the coefficients C and N in ||22Jl are 
chosen so that 

C{az) = C, N{az) - N. (23) 
Then, we can write the REE as follows: 

E{az) = ((l + a)/3,i(l + «)(!- 2/?) 

-hs{a,^il^a + C)) , (24) 

where /? = a(l + «)/[(! + a)^ — C^] and h3{xi,X2) — 
- SLi Ig^i '^it^ xs = 1 - xi - X2. By changing C 
and N separately, we can obtain az with a desired REE. 
For example, by fixing the negativity, we get the state 
pair corresponding to class 6, as shown by the contours 
of constant negativity in figure 7(a). On the other hand, 
by fixing the concurrence, the resulting states az satisfy 
the conditions for class 7, as presented by the contours 
of constant concurrence in figure 7(b). 

To class 8 belongs a pair of, e.g., the pure state 
with concurrence 0.625 • • • and the Horodecki state with 
C = 0.846 • • • , then it holds ^^(IV'p)) = E{aH) = 0.5, and 
A = [0.220,0.080,0] as requested. To find an exemplary 
member of class 9, one can compare a pure state and 
any other state from the Verstraete et al set of states 
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FIG. 6: A schematic representation of the 14 classes of state 
pairs listed in table 1, where /' — f((y') and /" = /(""") for 
/ = C,N,E. The central point corresponds to a state a' for 
which A = [0,0,0]. A pair of states a' and a", where the 
latter is represented by any point inside the marked region of 
the ith (i = 1, 14) sub-figure, satisfies the inequalities of 
the ith class in table 1. 



(including as, crx or ay) with the same concurrence, 
which means also the same negativity. For example, for 
C(IV'p)) = C{aB) = 1/2 one gets A = [0,0,0.189]. As 
regards class 10, we can compare the pure and Horodecki 
states with the same negativity N = Nq, which implies 
that Eilijp)) = E{aH). Thus, we have A = [0.265,0,0]. 
Unfortunately, by comparing the states discussed in this 
section, we have not found examples of the state pairs 
from classes 11-13. But we can give a few exemplary 
members of class 14- E.g., by comparing the Bell diago- 
nal state for C — 0.779 • • • and the Horodecki state for 
C" = 0.846 • • • we find that E{aB) = E{aH) = 0.5, while 
their negativities and concurrences violate condition 
to the following degrees A = [0.066,-0.074,0]. Also by 
analyzing figure 7(c) for any two points at the same con- 
tour of constant REE, we find exemplary state pairs from 
class 14-. Thus, we have presented simple analytical ex- 
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0.2 0.4 0,6 0.8 1 

concurrence 



FIG. 7; Contour plots of the entanglement measures for az- 
(a) negativity N{az) as a function of C{az) and E{az), (b) 
concurrence C{az) as a function of N{az) and i?((7z), and 
(c) REE E{az) as a function of C{az) and 7V(az). The 
contours are depicted at values of 0.1,0.2,...! from the left 
bottom corner to right upper corner. 



amples of the states satisfying 11 out of 14 classes listed 
in table 1. 



5. STATES WITH THE SAME E, C AND 

Here, we will analyze examples of inequivalent states 
a' ^ a", which have the same degree of entangle- 
ment according to E, C, and TV, thus corresponding 
to class 5 in table 1. It is tempting to choose simply 
two different pure states with their coefficients satisfying 
joidi — foiCil = \a2d2 — 62C2I, which guarantees the fulfill- 
ment of the equalities required for this class. However, 
such pure states can be transformed into each other by lo- 
cal operations. To show this, first wc note that any pure 
state, given by (|7|) , can be transformed by local rotations 
into the superposition \^p{p)) = y/p\01) + y^l — p|10) 
(0 < p < 1), for which the concurrence and negativity 
are equal to 2-\/p(l — p), as a special case of ©. The 
same value of these entanglement measures occurs also 
for IV'fll ~p)), but this state can be transformed into 
\%pp{p)) by applying NOT gate to each of the qubits. 
Thus, we have shown that pure states are not good exam- 
ples of the state pairs from class 5. Then, let us choose, 
e.g., two different Bell diagonal states but with the same 
largest eigenvalue greater than 1/2. By virtue of (|13l) and 
(|14|l . we conclude that these states have the same degree 
of entanglement according to the REE, concurrence and 
negativity. However, as we will show in the following, 



they can violate the Bell inequality to different degrees. 

The maximum possible violation of the Bell inequality 
in the Clauser-Horne-Shimony-Holt (CHSH) form 

\{B),\ = |£(0i,02)+f(</''l,'/'2)+f(01,02)-^('^'l,'^2)l <2 

(25) 

for a two-qubit state a is given by |34| 

m&x{B)a = 2y/M{a). (26) 

Here, B is the Bell operator, (j>i,(j>'j^ are two dichotomic 
variables of the ith qubit, and f (i^i , ^2) is the expectation 
value of the joint measurement of (f>i and (j)2, and so on 
for the other expectation values. The quantity M{a) is 
the sum of the two largest eigenvalues of TpT^, where 
Tp is the 3x3 matrix formed by the elements t„m = 
Tr(o'a'"'' (8) (t'-™^) given in terms of the Pauli matrices 
a^^\ Inequality l|25ll is satisfied if and only if M{a) < 1 
[3^. As shown in JflJ for any pure state \^p), the Bell 
inequality violation parameter M{a) is closely related to 
the concurrence and negativity as follows: 

Vmax{0, M(IVp)) - 1 } = C(|Vp)) = N{\^p)). (27) 
We find that M{a) for the Bell diagonal state reads as 
Mias) = 2 max [(A, - f + (Afe - A4)'], (28) 

where subscripts k) change over cyclic permutations 
of (1,2,3). Concluding, the Bell-inequality violation de- 
pends on all Ai's, while the entanglement measures E, 
C, and N depend solely on the largest A^. Thus, as an 
example of the state pair from class 5, we can choose 
two Bell diagonal states a'^ and a'g with only the largest 
eigenvalue being the same and greater than 1/2 for both 
states, which implies that the states cannot be trans- 
formed into each other by LOCC operations but still 
have the same degrees of entanglement: E{a'g) ~ E{a'g), 
C(a^) = C(a^)andiV(a^)=iV(a^). 

6. CONCLUSIONS 

We have analyzed the problem of inconsistency in or- 
dering states with the entanglement measures. The prob- 
lem was raised by Eisert and Plenio on the numeri- 
cal example of the concurrence and ne gati vity and then 
studied by others 0, i, H S S H |l3,lll|. The order- 
ing problem is closely related to existence of the upper 
and lower bounds of one entanglement measure versus 
the other 0, 0, Here, we presented analytical 

examples of the pairs of states consistently and inconsis- 
tently ordered by the relative entropy of entanglement in 
comparison to the concurrence and negativity. In partic- 
ular, we have found examples of the states for which any 
of the measures imposes order opposite to that given by 
the other two measures, which corresponds to classes 1-^ 
in table 1. We have also identified pairs of states with. 
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in particular, (i) the same concurrences and negativities 
but different REEs (as corresponding to class 9) , (ii) tlie 
same REEs and negativities but different concurrences 
{class 10), (iii) the same REEs but different and oppo- 
sitely ordered concurrences and negativities (class 14), or 
(iv) states having the same three entanglement measures 
{class 5), but still violating the Bell-CHSH inequality to 



different degrees. 
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